It was shown that matter solitons can he effectively managed by smooth variation of parameters of optical lattices in which the atomic condensate is embedded. The phenomenon is based on the effect of the lattice modulation of the carrier wave that transports soliton and thus can he well described in terms of the effective mass approach, where a specific form of the hand structure is of primary importance. We considered linear and parabolic modulation to demonstrate the possibilities of management of matter solitons.
INTRODUCTION
The idea of dispersion mamagement of Bose-Einstein condensate (BEC) by embedding the condensate into an optical lattice created by a coherent superposition of laser beam that is largely detuned from resonance, triggered a great deal of interest recently [I]- [14] . The switching on of the optical lattice in a continuous BEC implies fragmentation of the wave fnnction associated with the atomic condensate into the localized wave functions centered at the minima of the potential that gives rise to a crystal structure consisting of mutually interacting atomic condensates. As\a result, a band structure appears in the energy spectrum associated with an underlying linear system represented by a gas of non-interacting atoms. The hand structure is responsible for a number of the effects such is Bloch oscillations [l], [SI, [7] , Landau-Zener tunnelling [5] , [6] , formation of gap solitons [4] , and soliton stabilization [9] . These effects are based on the properties of linear system and are well described in t e r n of the effective mass, that accounts for wave nature of the phenomenon and that is why its inverse value is also referred to as the group velocity dispersion [4] . In practice laser lattice are never perfect, in fact the optical lattice with other external potential such is magnetic trap [ 101 are often considered. Alternatively, one can create spatially localized lattices in which the propagation of matter waves display a number of interesting properties [I 11 such as resonant transmission and soliton generation through modulation instability [4] .
In this paper we inspect the possibilities of management of the matter wave solitons propagating in an optical lattice which is subject of linear and parabolic modulation. We consider an optical lattice with smoothly modulated parameters and thus we assume that a band structure becomes deformed by the modulation, while retaining its character. We show that in such inhomogeneous potential dynamics of the matter waves can he controllably altered by making them accelerating, oscillating, etc.
The physical model that describes dynamics of the solitons in an inhomogeneous potential is described in Sec. 11.. In Sec. 111 we consider acceleration of a matter soliton in a linearly modulated lattice. Soliton oscillations in a lattice with a parabolic modulation of the potential are demonstrated in Sec. IV. The results are summarized in the Conclusion.
PHYSICAL MODEL
Let us consider a trap potential which can he written in the form V,,ap = m/2(q;x2 + y,'$ + y,'z? + V, (x)
The first term on the r.h.s. describes a magnetic trap with ql and' y, denoting a frequency of the longitudinal and the transverse linear oscillator, respectively. The condensate is chosen to have a cigar shape with aspect ratio q(y, << a:/e << I,where uo and is the transverse linear oscillator length and the healing length, respectively. We are interested in excitations of the BEC that possesses characteristic scales of order of the healing length {and relatively small lattice potential amplitude, which allows us to neglect the term mql'x'/2 in the expression for the trap potential Vtrop. The term V, (x), where E is a deformation parameter describes Here the smoothness represents a slow variation off($"'x) on the scale o f the healing length, or in other words E -ad5 Then one can apply the multiple-scale expansion technique [4] (1)
Here a and k stand for a number of the zone and for the dimensionless wave vector in the 1. Brillouin zone(B.Z), respectively, , y = sign a, where a, denotes the s-wave scattering length. In the Eq. (I) we have introduced the dimensionless slow variables: X = &ao = E X and T = $a+$ = 2 t . Taking into account the smoothness of the potential, the spectrum E&; d i z x ) at some point o f the space, say =x" dan can be computed from the linear eigenvalue problem:
(2)
rix2
In order to obtain a qualitative picture of the effects that can he observed in the matter wave dynamics, we cany out numerical simulations using a 1D model justified for low-density BEC's:
It is worth to point out that v/ in the Eq. (3) describes the complete macroscopic wave function whereas ' 3' in the Eq.
(1) describes behaviour of its envelope.
In the case o f a homogeneous lattice described by the Eq. (3) 
Now lets us consider the boundary of the B.Z., i.e. ku = mdL. As it is known (see e.g. . In what we consider next, it is important to mention that envelope solitons can exist also for &>d if x = I . Respective solitons are created against a moving carrier wave background with and i.e. they move with lkul dkol and v. # 0 i.e. they move with the velocity va and are described by the formula:
where either x = -I , a = 2, and m2 > 0, or x = I , a = I , and m 2 >< 0. Here Xp) = -v, Tis the coordinate of the soliton center and N is a normalized numher of atoms:
Strictly speaking the Eq. ( 5 ) is a solution of the unperturbed NLS equation ( I ) with v, and m, being constant.
Since, however, the parameters are changing slowly in space, the simplified picture based on the analytic form given by ( 
the lowest band gap shown in Fig. l(d) . 
(4 The band structure tliepotenlial(7)(solid line) and the enera ofthe soliton(dnshed line).
All data are computedfor E = 0.02.
Let us assume that in the vicinity of the origin, i.e. near X = 0, a bright static gap soliton with v, = 0 is created soliton -see Fig. I(h) . Due to nomeso extension of the soliton, it partially occupies the space where the soliton energy falls into allowed hand -see Fig. l(d) -and thus corresponds to running linear wave.This is the reason for soliton start to move toward the region with narrower gap, i.e. in the positive direction. Since it is assumed that in the leading approximation the energy of the soliton is conserved, the group velocity of the background increases and, therefore, soliton velocity grows when the coordinate of the soliton center increases. -see Fig. 2 (a) -and it gives rise to soliton acceleration as it is shown in Fig. 2(h) . In Fig, 2(a) and 2(c) we present an example of dynamics of the coordinate of the center of mass (x") , and its dispersion 0 = ( ( a ' ) -(X) 9''' obtained by numerical integration of the Eq. (3), respectively. Here angular brackets stand for spatial average. From this figure one can see that the soliton indeed undergoes acceleration in such a way that the soliton velocity follows the change of the group velocity of the background. Simultaneously, the dispersion of the soliton increases as it is shown in Fig. 2(c) .
From the first sight this result does not resemble the model given by the Eq. ( 5 ) because according to this model the soliton width should decrease as the effective mass increases. In order to explain this apparent discrepancy we propose a simplified model[l5] which describes soliton dynamics in the vicinity of the band gap edge. Namely, we assume that (i) the center of soliton is displaced from the point X = 0 with energy d to the point X = R , while the energy is not changed, and that (ii) the the gap is large enough and thus one can neglect in leading order functional dependence of d2)on the wave vector k. Then the acquired energy shift A& along the soliton path from X = 0 to X = R can he approximated in terms of small parameter , f 3 as /3x. The same energy shift can be expressed in terms of the wave vector k, from the equation (k, -ko )2 = 2m2A&. Then one can derive approximate expressions for both the group velocity and effective mass which have been shown to be in very good agreement with results of our numerical simulation displayed in Fig. 2(b) . Further, we neglect small change of the effective mass and thus we assume m, = mao in the equation for the slowly varying amplitude (1) and compute the integral evolution identities for the number of particles N, wave momentum P, and average width of the wave packet 4 ' .
First, we found that the total momentum is preserved, and moreover for a soliton formula given by the Eq. (5) is zero, which reflects the fact that the condensate is moving with the group velocity of the carrier wave and which is consistent with the numerical results shown in Fig. 2(b) . From identity for number of particles it follows that number of particles is not preserved which does not contradicts the conservation law for the total number of a t o m according to the Gross-Pitaevskii equation since the model given by the Eq. ( I ) describes the main approximation of the ground state and thus it does not accounts for the high frequency radiation. On the other hand, in leading order, the soliton is moving in the inhomogeneous medium and thus represents radiating matter wave[ 141. By substituting the approximate expressions for the group velocity and the effective mass we obtain from the integral identity for number of particles dN/dT < 0 which reflect the fact that the soliton looses its particles.
Finally, by taking into account that Ys given by the Eq. The wave packet during its motion follows the carrier wave and thus rapidly acquires relatively large group velocity which is order of unity. The latter factor does not allow adiabatic adjustment of the soliton parameters to increase of the effective mass of the carrier wave -see the Eq. 10 and Fig. l(d) . Non-adiabacity of the process manifests itself in radiative losses and broadening of the wave packet. This process continues as soliton moves into the region with small potential depth as it shown in Fig. l(c) and with time the wave losses its solitonic properties while transforming itself in a dispersive wave packet. It is worth pointing out that here is another simple way to look at the broadening of the wave packet, namely by taking into account that soliton wave front has larger velocity than the velocity of its tail and thus leading to spreading of the pulse.
OSCILLATION OF THE MATTER WAVE

2)
Now let us consider dynamics of the soliton with the initial profile shown in Fig. 3(b) propagating in a lattice modulated by a parabolic function
Where Is introduced for an initial relative shift between the soliton center and the minimum of the parabolic modulation. The upper bound of the first gap of this potential for is depicted in Fig. 3(c) .
Mo.Dz.4 The results of the numerical simulations then reveal oscillations of the condensate cloud as it is shown in Fig. 4 .
The accelerating part of the motion when the soliton is moving toward the center of the potential is explained in the previous Section. The soliton after having passed the central part of the potential is decelerating and at some point the velocity of the center of mass of the cloud becomes zero. This occurs in the vicinity of the turning point x,",, where the energy of the soliton falls onto the stop band indicated by a dashed line in Fig. 4(c) .
In fact, when we consider soliton moving from the right to the left, it follows from the Eq. (9) that the velocity of the background, and thus the velocity of the soliton, tends to zero as 6 , when the coordinate of the soliton center approaches the turning point xiurn. Thus one can speak about Bragg reflection of the soliton from an inhomogeneous periodic potential.
There are two features of soliton dynamics to be point out in this case. First, in contrast to the case of linear modulation, at the initial stages the dispersion decreases -see Fig. 4(b) . This compression of the pulse is explained due to its large extension when leading part of the wave packet undergoes Bragg reflection and moves in negative direction while the soliton center still moves in the positive direction. The second feature which is demonstrated in Fig. 4(a) can he identified as the beatings of mean coordinate of the wave packet. Fig. 3 .The dashed line corresponds to (X) =A%!
CONCLUSION
We have shown that in smoothly modulated optical lattices that can he created by using quasi-monochromatic laser beams, one can effectively manage matter solitons as they accelerate, decelerate, oscillate depending on the type of modulation imposed. Since these processes are based on the underlying periodic structure, not only dynamical but also other properties of matter waves such is the energy, the effective mass and the width of the soliton can he controlled. Although in a specific dynamical process a matter wave looses its solitonic properties, the effective mass approximation provides a good qualitative explanation of the main features of the soliton dynamics, provided the wave packet possesses a substantionally larger extension than the lattice period and lattice modulations are smooth enough.
